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The method of the joint probability distribution function is applied to the case in
which the positions of the anomalous scatterers are fully or partially known. The
mathematical technique is able to handle errors both in the model structure of
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1. Notation

N: number of atoms in the unit cell.

a: number of anomalous scatterers in the unit cell.

la: number of located anomalous scatterers in the unit cell.
nla = N — la: nla includes non-located anomalous scatterers
and non-anomalous scatterers.

fi= ]‘]ﬂ + Af; + i’ = f; + if]": scattering factor of the jth atom.
f’ is its real, f” is its imaginary part. The thermal factor is
included.

N
F* = |F"|exp(ip") = F,, = Y_ f; exp(2zmihr,).
=

Fii = |F exp(igy;) = Y f;exp(2mihr)).
la
N
F~ = |F"|exp(ip”) = F_, = )_ f;exp(—2mihr;).
=1
Fi, = |F, | exp(ig,) = )_ f; exp(—2mihr;).
la

|F| exp(ip): structure factor calculated by taking into account
non-anomalous scattering (all the atoms in the unit cell
included).

T Zpar Ty = 2 (F* + ), where the summation is
extended to la, nla and N atoms.

Aano = |F+| - |F_|

2. Introduction

The method of joint probability distribution functions has
been already applied to the OAS (one-wavelength anomalous-
scattering) case. The joint probability distributions

P(IFTIIF], 9", ¢7) (la)

and

the located anomalous scatterers and in measurements. A criterion for ranking
the more accurate phase estimates is given.

POF 1 BB s VBl G )
withh, +h, +h; =0 (1b)

were independently obtained by Hauptman (1982) and by
Giacovazzo (1983) in the case in which no prior information is
available on the anomalous-scatterer positions. The ap-
proaches aimed at identifying: (i) from (1a) the conditional
probability distribution P(A@||FT|, |F~|) of Ap = ¢t + ¢~
given |F*| and |F~|; (ii) from (1b) the conditional triplet phase
distribution

P(DIES 1L IR L Fa |, 1o, 1)

This last distribution should help to estimate phase values
without any prior knowledge of the atomic positions of the
anomalous scatterers.

In this paper, we intend to apply the joint probability
distribution technique to the OAS case when the positions of
all or a part of the anomalous scatterers have been found via
one of the current methods (see Blow & Rossmann, 1961;
North, 1965; Mathews, 1966; see also Giacovazzo, 1998, for a
general description of them). Then the joint distributions

P(F*, F™|Fy, F,) 2
will be calculated, from which
P IIFY) L IEGL TFGD)
and
P(g |IFT 1, |1F7 1, |Fgl, |Fy )

will be derived. From them, the most probable value of ¢ is
easily derived by geometrical considerations.

While (la) and (1b) were derived without taking into
account errors in measurements, the study of (2) cannot be
made without using them. Accordingly, the mathematical
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approach we describe here involves errors both in the model
structure of located anomalous scatterers and in measure-
ments.

To evaluate the potential of the present approach, a
comparison will be made between our conclusive formulas and
the corresponding expressions obtained by previous authors.
We notice that previous probabilistic approaches consider
OAS as a special SIR (single isomorphous replacement) case.
Le. the classical Blow & Crick (1959) expression, integrated by
Terwilliger & Eisenberg (1987) contributions and originally
derived for SIR-MIR cases, has been extended by analogy to
the OAS case. The result is

P(p) ~ exp[—e(¢p)/(2E?)], ®)
where
e =A% — A,
E= (82} + 4O'Z(Aano)’
o*(A,,,) takes measurement errors into account.

3. The joint probability distribution P(F*, F~|Ft, F},)

In our probabilistic approach, the positions of the non-located
anomalous scatterers and the positions of the non-anomalous
scatterers will be the primitive random variables. We will
assume that

Fr=Ff +F,+un" =Ff +F/, 4)

where: (a) F}, is the structure factor corresponding to the
non-located anomalous scatterers and to the non-anomalous
scatterers; (b) u™ = |u"| exp(ifT) represents the cumulative
errors arising from different sources (i.e. the structural model
constituted by the located anomalous scatterers and errors in
measurements); (c) F = F,j, + u*.

Equivalently,

F =F,+F,+uw =F,+F,, Q)

where F/ =F,,, + 1.

If all the anomalous scatterers are located, F,, = (F;,)",
where * indicates the complex conjugate. We make some
reasonable assumptions:

(a) Ff, Ff,,, n™ are uncorrelated with each other;

(b) the same assumption holds for F,, F,;,, 1~;

(¢) (u*) =(u™) =0;

(d) {uT ™) = 0. This implies that errors on F* and F~ are
uncorrelated.

Then,
(IFFP)y = |Fpl” + 0 + (1)
(IF7P) = |FQ > + S0 + (1 1)

When part of the structure is known, numerical reasons
(Camalli et al., 1985) suggest that it is more useful to pseudo-
normalize the structure factor with respect to the unknown
part of the crystal structure. This is in agreement with the fact
that atomic coordinates of the located atoms no longer belong
to the set of primitive random variables. If structure factors

are normalized with respect to the full chemical content of the
crystal structure, the final formulas will not change but they
will assume a more complicated mathematical form.
Accordingly, on supposing that part or all of the anomalous
scatterers are located, we find that
Rexp(ip") = (AT +iB") = FT/%))}

nla

Gexp(ip™) = (A~ +iB")=F /T

nla»

where R and G are the pseudo-normalized moduli of |Ft| and
|F~], respectively, and

[~
A" = | > °(f/ cos 2rthr; — f' sin 27hr;) + | " | cos 9+:| /Ei{f
j=1
N 1/2
Bt = X;(f/ sin 27hr; + £’ cos 27hr;) 4 [t | sin 6F /En{a
=
N 12
A” = | > (f] cos2rhr; + f sin 27thr;) + [11” | cos 6~ /En{a
=1
N 1/2
B = Z(—f/ sin 27thr; + f/" cos 2rthr;) + || sin 6~ /En{a.
F=le .
Equivalently,
Ry, expliof) = (Af; +iB}) = Fi /5,12
Gl explip,) = (A, +iB,) = F, /3]
SN + s\ 1/2
Rq eXP(l‘Pq) - (Aq + qu) - Fq /Enla
G, exp(igpq’) = (A; + iB;) = F;/E}?{f,
where

A = [R(FL) + 117 cos 671/

nla

Bf = [3(Ff,) + |u*|sin6t]/5h?

A = [R(F,,) + | cos 071/ Zf2
B, =[3(F,,) + |u|sin07]/%);

nla *

M(...) and J(...) stand for real and imaginary parts, respec-
tively.

Under the above assumptions, the characteristic function
C(u*,u™,v*,v7") of the distribution

P(A+7A77 B+’ B7|Al‘27A;a’ B;‘z;’ Bl;)

[in short P(A™, A~, Bt, B7)] may be calculated.
We have

Clut,u ,vt,v7)
= (expiu™ AT +u A" +vIBT +v B))
=expi(utAf +u A, +v*Bf +v B})

X {(exp i(u*A; +u A, + erBq+ +v™B,)), (6)
where u™, u™, v, v~ are carrying variables associated with AT,
A, Bt, B™, respectively. Expanding the right-hand side of (6)
in cumulants gives
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Clut,u",vt,v7)
= (exp i(u+Af; +u A, + v+Bf; +Vv7™B,))
x exp{—[et W™ +v?) +e (u? +v2))/4

—Lutu —vhvT) =1t +uvh)),
where
et =1+ O':Z), e =1+ 0;2)
o = (i) B 0 = Ay P/ Z
=20 R
nla nla
s= (g /e
Then,
P(AT,A™,B%,B")
4 +o00 +o00
~Qrn)" [ ... [ exp{—i[u; (AT — A,
+ur(A” = A + (BT — B,
+v,(B” = Bp)] = [e" (™ +v*)
+e (u?+v /4 —idwu —viv)
—LrvT +uvh)idut .. dv.
Define

ut = @2/eN) Put,

vF = (2/e+)1/2v+/’

u” = Q2/e ) u”’
v o= (2/e) 2y

and replace ¢| and ¢} by

1/2 1/2
9 9

¢, =d(efe)” ¢, = ch(eTe™)”

respectively. Then,

P(AT, A", B*,B7) ~ (2n) “2%(e*e™) !
+00 +00 o _, _,
x [ ... [ exp(—iTU —1UU)dU
—00 —00

=n2(ete) AT P exp(— 1TA'T),

U =@ u/,v, v’
T ={(A" — AR/ (A7 = A)2/e)'"7,
(B* — Bj)(2/e")'?, (B~ — B,)(2/e)'?)
1 ¢ 0 c,

¢ 1 ¢ 0

A= ’ :
0 ¢ 1 —¢
¢ 0 —¢ 1

In a more explicit form,

P(A*,A",B",B")

1 (A+ _A+)2 + (B+ _ B+ 2
N RN e | _ - la la
=n (e ) ¢ exp{ c|: pon

LA A+ (B - B;,)Z}

e
2&[(14+ —AA” —Ap) — (BY = BB — B,)]
+ (ete)12
zg[(z‘l+ —A)B~ —B,) — (A~ = A)B" = B
+ (ete)12 ’
(7

where ¢ = detd = [1 — (& + ).
The change of variables
At =Rcos¢™, B" = Rsing"
Aj, =Rj,cosg,. B, =R,sing,
A™ = Gcos g, B~
A = Gy cosgy,, B, = Gysing,

=Gsing~

changes (7) into

P(R.G.¢". ¢7)
RG 1[ R* 4+ R, — 2RR,, cos(¢™ — @)
T Retec {_ ¢ |: et
N G* + G}, —2GG,, cos(¢p™ — <p,a)i| 2 1
e~ c (e+e_)1/2

x [RG cos(¢* + ¢~ — y) + R, G, cos(@y, + ¢, — ¥)
— RG,, cos(¢" + ¢, — y) — R,,G cos(¢™ + ¢, — 7/)]},

where
V= tanil(cz/ﬁ)-

Again, for shortness, P(R,G,¢", ¢7)
P(Rs G9 ¢+7 ¢_|Rla’ Gla’ (p;Z’ (/7171)
Let us define

(E+ )calc = (E+ - E;; ’

nla

2 2 2
s =c] t¢,

stands  for

(E;la)calc = (E_ - El;)
Then,
(Rnla galc = [R2 + Rlza - ZRRZa COS(¢+ - (pIJz:)]

(Gn[a)galc = [G2 + Glza - ZGGIa COS(§07 - (pl;)]

and (6) may be written in the simpler form

PR, G, 9", ¢7)
— RG ex _1 (thla)calc + (Gilu)calc
mrete c c et e
2c 1 _
fw[RG C()S((DjL + ¢ — )/)

+ R,,G,, cos(gf, + ¢, — v) — RG), cos(¢" + ¢, — )
— R,,Gcos(¢™ + ¢, — J/)]}- ®)

The distribution (8) is the main result of this paper, from
which marginal and conditional distributions will be derived.
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4. The conditional distribution of the phases

We first calculate the marginal probability distribution

G R G’ + G}
I(Zw)exp[ (( nla)calc+ + la

et e~

- {[2C3Rla Gla COS((pla + (pl; - J/)
= 26RGy costg” + i~ D) ) |

©)

P(¢", R, G)~

where [ is the modified Bessel function of order zero and

_ 2G C (Rnla)calc
ot C(e,)l/z et
_ _ 1/2
N [R cos(¢* + ¢j, — ¥) — Ry, cos(g + i, — ¥)] /
(ete)"?

+ Gl —+ 263G,

The distribution (9) may be approximated as follows. Since
¢ K 1, Z, is large for the cases of interest. Then, /,(Z,+) may
be expanded (Abramowitz & Stegun, 1972) according to

1)(Z,+) = exp(1Z,: 1)/ 27| Z . )" (10)

Standard techniques will then lead to the conditional distri-
bution

P(¢+|R7 G) ~ (G/Z¢+)1/2 eXp[ (1/C)(G2/€ + Gcalc CZ@*)]’
(11)
where
calc (€+) (Rnla)calc + (67)71 Glza + 263(e+ei)71/2

x G,[Rcos(¢™ + ¢, — y) — Ry, cos(g, + ¢, — V).

(12)
The same procedure leads to the distribution of ¢~:
P(¢"|R, G) ~ (R/Z,-)"* exp[—(1/c)(R* /et + Rl — cZ,-)],
(13)
where
Rzalc = (6 ) (Gnla)CAIC + (eﬂk)i1 Rlza + 2C3(€+€7)71/2Rla
x [Gcos(¢™ + @, — ¥) — Gy, cos(gf + ¢ — V)],
(14)
2R (Gnla)calc
v c(e*)l/z{ } (e) +( )+263R[a
[G COS((pla + (p - y) Gla COS(QOZ; + 90[,4 y)] 2
(ete~ )1/ 2
(15)

The formulas obtained so far are rather complicated: a
simplified case to better understand them is described in
Appendix A.

Formulas (11) and (13) have no counterpart in Hauptman
(1982) and Giacovazzo (1983) approaches (indeed, in the
absence of prior information on the anomalous-scatterer
positions, only ¢ 4+ ¢~ may be estimated, not the single
values of ¢ and ¢ ™). However, (8) exactly coincides with the

distribution (1a) as obtained by the above authors, when both
the number of located anomalous scatterers and the
measurement errors tend to vanish.

5. The centrosymmetric case

Since Ej; = E;, and ET = E~, the joint probability to study is
P(R, <p+|E ). Tts charactenstlc function is
Cut,vh) =expi(ut A}, + v B}) exp[—e (u™ +v1?)/4],
from which
P(R.¢") ~ (me*) ' Rexp{—(1/¢")[R’ + R,
—2RR, cos(¢™ — ¢p,)]}- (16)

From (16), the following marginal distributions are obtained:

P(R) = i—f exp {— ei+ (R* + Rfa)}lo (21§R’“) (17)

-1
1) = 2ty (55| exp [ 2 costor - )|
(19)

According to (18), the most probable phase for ¢* is always
@, with reliability parameter equal to 2RR,,/e*. Since R, is in
general a small number, the phase prediction is generally
weak. Good predictions will be obtained when the scattering
power of located anomalous-scattering atoms is not a negli-
gible fraction of the unit-cell scattering power.

6. Applications

The distributions (11) and (13) have been plotted in Figs. 1-3
for some specific cases by using the diffraction data of cyanase
(Walsh et al., 2001), a homodecamer that crystallizes in P1 with
four selenomethionines per monomer (40 in the unit cell),
a=763, b=810, c=83A, a=7030, B=72.20,
y = 66.40°. Multiwavelength data were collected up to 1.65 A
resolution: in our tests, we will only use data at A = 0.9465 A
for which f' = —2.618, f" = 3.578.

In each figure, (11) is the full line, (13) the broken line. The
bimodal nature of the distribution is clearly observable in

0.01

0.00 >
( 90 180 270 360

Figure 1

Distributions (11) (full line) and (13) (broken line) for the reflection
212,1: R=126, G =124, R, =032, G,, = 0.32, ¢, = 267, ¢, = 108,
Poest = 285.
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Figs. 1 and 2; occasionally (see Fig. 3) they are unimodal. The
best estimates of ¢+ and ¢~ (say ¢, and ¢,,) are obtained
by calculating the centroids of the probability distributions
(11) and (13), respectively (Blow & Crick, 1959). Le. ¢t is
obtained by calculating

xt = [P(¢*|R, G)cos ¢ dp™,
y" = [P(¢*IR, G)sing" det,
Pres = tan~ ' (y* /x™).

The classical figure of merit for the phase estimate, widely
used in protein crystallography, is given by

m+ — (x+2 +y+2).

Once ¢, is available, ¢ may be estimated by trivial geome-
trical considerations (the vector F is obtained by subtracting
the anomalous scattering from F\; see notation in §1). The
same procedure may be applied to derive the values of ¢,
and m~, from which another estimate of ¢ may be obtained. In
the absence of measurement errors, the two estimates of ¢
should be perfectly coincident: in practice, they may differ by a
few degrees and we assume their average (say ¢, ) as the best
estimate of ¢.

In order to check the potential of our approach, the
procedure has been first applied to calculated (without error)
data: we assumed e" =e” =1+ (0.01|1E_.|)* to avoid
singularities in distributions (11) and (13). The results are
shown in Table 1, where ¢, estimates are ranked versus m.
We notice: (a) the figure of merit m is a good criterion to select
the most reliable estimates; (b) errors in the estimates are
unavoidable owing to the bimodal nature of the distributions.

The corresponding results for observed data are shown in
Table 2: the values of e* and e~ used in the calculations arise
now from o> and o;,> deriving from measurement counting
statistics. We notice: (a) m is still a good criterion to select the
most reliable phases; (b) errors in the phase estimates are now
larger owing to errors in measurements.

Results in Table 2 can help to address the question of the
significances of our one-wavelength estimates. Lower values of
f” would depress the average value of the signal |[R — G| and
therefore would reduce the number of reflections with high m
value. Larger experimental errors (i.e. larger e™ and e~ values)

0.01

0.00
0 90 180 270 360

Figure 2

Distributions (11) (full line) and (13) (broken line) for the reflection

107,11: R = 0.47, G = 0.52, R, = 0.24, G,, = 0.24, ¢, = 48, ¢, = 326,

Prest = 318.

Table 1

Cyanase calculated data.

Phase estimates are ranked as a function of m. Numb is the number of
reflections with figure of merit m >Sog, A@ = (|¢e — Gpest|) 15 the
corresponding average phase error (the weighted average phase error is in
parentheses).

Sog Numb Ay (°)
0.1 62370 38 (32)
0.2 60369 37 (32)
0.3 56777 35 (31)
0.4 52325 33 (30)
0.5 46965 30 (28)
0.6 41016 27 (26)
0.7 33700 24 (23)
0.8 24644 20 (19)
0.9 12869 15 (15)

would depress the reliability of (11) and (13): accordingly, in
Table 2, the number of reflections with m > 0.9 is lower than
the corresponding number in Table 1. Underestimation of et
and e~ can influence the reliability of the estimates: i.e., in
Table 2, 2113 reflections have m > 0.9 but their average phase
error is higher than for the corresponding 12869 reflections in
Table 1. A more realistic scheme for the error (including the
error in the structural model of the anomalous scatterers)
should restrict m to a lower range and establish a more
realistic correspondence between m and Ag. Updating the
error scheme does not require any change in our mathematical
approach.

7. Conclusions

A new probabilistic approach for handling the OAS case is
described, aiming at phasing structure factors under the
assumption that anomalous-scatterer positions are fully or
partially known. The method uses the technique of the joint
probability distribution functions and provides conclusive
formulas that, applied to a practical case, provides efficient
tools for phasing reflections. Distinctive features of our
approach are the following:

(a) The formulas are not obtained by analogy with the SIR
case, but rigorously derived for the OAS case.

(b) The formulas do not have the usual exponential form.

0.03

0.02
0

90 180 270 360

Figure 3
Distributions (11) (full line) and (13) (broken line) for the reflection
19,1,6: R =2.96, G =2.99, R, = 0.05, G,, = 0.05, ¢, = 81, ¢, = 294,
Prest = 48.
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Table 2
Cyanase observed data.

Phase estimates are ranked as a function of m. Numb is the number of

reflections with figure of merit m > Sog, A¢ = (|¢ e — Ppel) 1S the
corresponding average phase error (the weighted average phase error is in
parentheses).

Sog Numb Ag (°)
0.1 57211 66 (62)
0.2 51546 65 (62)
0.3 45073 63 (61)
04 38471 61 (60)
0.5 32138 60 (59)
0.6 25284 58 (57)
0.7 17595 56 (56)
0.8 9402 53 (53)
0.9 2113 52 (52)

(¢) A change in the error magnitude both influences the
phase reliability and modifies the phase estimates. This
property is not shared by distributions like (3), which assigns
different reliabilities for different error rates, but always
provides the same estimate. The evaluation of the practical
consequences of such a feature requires additional study.

(d) The formulas are still valid when some non-anomalous
in addition to the anomalous atoms are localized. It is suffi-
cient to understand the symbol ‘/a’ specified in §1 as ‘located
atoms’, instead of ‘located anomalous scatterers’. As a
consequence, ‘nla’ will represent the ‘non-located atoms’
instead of the original ‘non-located anomalous scatterers’.
This feature suggests the usefulness of a cyclic procedure
capable of using as prior the structural information available
at a given step of the phasing process.

(e) The final formulas may be easily generalized for appli-
cation to the MAD case. This is the next important step of our
work.

APPENDIX A

Let us suppose that all the anomalous scatterers have been
correctly located: equivalently, assume that the errors come
out mainly from measurements. Then,

R0, ¢ ~cy=(ete)?
cxl—(efe)  =¢/(eTe?), y=0
e=(efe” —1).

Since (N stands for ‘real part of”),
S{[(Er_:—la)calc(E;la)calc]
= [RGcos(¢" +¢7) + R, G, cos(@f; + ¢1,)
—RG,, cos(¢” + ¢,) — R, G cos(y, + @),

the joint probability distribution (8) may be written in the
simpler form

P(R,G.¢", ¢")
= (RG/T[Ze) exp ( - (1/6){6_(Rn[a zalc + e+(Gnla ?alc
- 25R[(E‘jl}a)calc(E‘;la)calc]})' (19)

Then equations (11)—(15) may be replaced by
P(¢"|R. G) ~ (G/Z,.)" expl~[(e*e")/e]lG*/e” + G

calc

—(e/ete)Z,. 1} (20)
P(¢"|R, G) ~ (R/Z,)"* exp{—[(eTe™) /e][R*/e"
+ Rl — (e/eTe)Z, 1} (1)

Ggalc = (e+)_1(Ri1a)calc + (e_)_l Glza + 2(e+e_)_1G1u
x [Reos(¢" + @) — R, cos(gy, +@)]  (22)
Rgalc = (ei)il(Gila)calc + (e+)71Rl2a + 2(e+ei)7lRla
x [Reos(¢™ +¢;,) — Gy, cos(gy, +¢,)]  (23)
Z<p+ = (2G/e)e+{(thlu)calc/(e-'—)z + Glza + Z(G[”/€+)
x [Reos(¢" + ¢i,) — Ry, cos(wj;, + i)}
(24)
Zq;— = (2'R/6)67{(Gila)calc/(ei)2 + Rlza + Z(Rla/ei)
x [G cos(g™ + @)l — Gy, cos(wif, + @)1}
(25)
Let us now find some simplified forms of (20) and (21). We
note that the exponential term in (20) and (21) varies
more rapidly than (G/Z,.)"* or (R/Z,-)"/*. Accordingly, the
expected value of ¢* will mostly depend on it and conse-
quently (G/Z,.)"* and (R/Z,-)"/* may be replaced by unity.
Furthermore, if ™ and e~ are not too large we can replace (20)
and (21) by the simpler expressions
P(¢"|R, G) = exp[—(e"/e)(G — Geye)] (26)
and
P(¢” IR, G) ~ exp[—(e”/e)(R — Reyo)’], @7

where

Gzalc = (thla)calc + Glza + 2Gla [R COS(¢+ + gol;)

— Ry, cos(gy, + @)1 (28)
Rgalc = (Gila)calc + Rlza + 2Rla[R COS(QD_ + §0/Z)
— Gy, cos(@y, + @) 29)

Even if expressed in a concise form, the above expressions are
of not immediate understanding.

A further simplification allows a clearer insight into (19).
Distribution (19) reduces to (30) if e™ and e~ are sufficiently
small and close to each other:

PR, G,¢", ¢7) = (RG/me) exp[—(1/e)
x (EY —Ef)—(E- — E,)Il. (30)

We note:

(a) If only E; and R are known then (30) reduces to
P(R, ¢*) and the maximum of the probability distributions is
attained when |ET —Ef| is a minimum. This occurs
when ¢ = ¢ (in this case, ET and Ej; are collinear
vectors).

(b) If only E;, and G are known, the maximum value of
P(G, ¢7) is attained when ¢~ = ¢,.

(c) If E}, E;,, R and G are known, the largest value of (30) is
no longer attained when ¢ = ¢ and/or ¢~ = ¢;,. These
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values indeed maximize (|E* — E}|> + |[E~ — E,|*) but not
(E* — Ef) — (E~ — E,,)|*>. Thus, (30) takes into account the
correlation between E* and E~.

Let us now write (30) as

P(R, G, ¢",¢7) ~ (RG/me)exp[—(1/e)|(E* — E7)
—(Ef — E)PL.

Accordingly, the most probable values of ¢t and ¢~ are
those for which (ET — E™) is as close as possible (in the
complex phase) to (E;. — Ej,). This result is a sensitive way to
define the maximization condition.

The simplifying assumptions introduced in this section
suggest [by analogy with (27)] that distributions (11) and (13)
are expected to be mostly bimodal.

M. Walsh is kindly acknowledged for having provided us
with a set of experimental data.
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